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C^ ■ Abstract 

We extend some previous results for the damped wave equation in bound- 
ed domains in R** to the unbounded case. In particular, we show that if 
the damping term is of the form aa with bounded a taking on negative 
values on a set of positive measure, then there will always exist unbounded 
solutions for sufficiently large positive a. 
^^ , In order to prove these results, we generalize some existing results 

f^ • on the asymptotic behaviour of eigencurves of one-parameter families of 

\^ ' Schrodinger operators to the unbounded case, which we believe to be of 

("V^ . interest in their own right. 
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1 Introduction 

Let 51 be a domain in M"^ (bounded or unbounded), with d > 1, and let 5*0 de- 
note the self-adjoint operator generated on L^(51) by the differential expression 
©0 '■— —A + b, subject to Dirichlet boundary conditions, where & is a real- 
valued measurable function on 57; so will denote the associated quadratic form. 
In this paper, we are interested in the instability of the solutions t i-^- '0(i, •) G 
C°([0, oo); L>(5'o))nCi ([0, oo); i:>(so))nC2([0, oo); i2(f7)) of the following initial 
value problem 

' il}tt + aa'il>t + Sotp = , 

^(0, •) = 01 e i?(5o) , (1) 

V't(o,-) = 02e^(so), 

where a > is a parameter (not necessarilly small) and a is a real-valued 
measurable function on 51. 

In the case where the damping aa remains non-negative and bounded, the 
asymptotic behaviour of solutions of (^ is well understood |23;. However, there 
are situations for which this will not be the case and the damping term will 
change sign, precluding the usage of energy methods and other tools which rely 
on the positivity of the functional 

a{x) |w(a;)p dx . 
n 

Such a situation might arise, for instance, when linearizing semilinear damped 
wave equations around a stationary solution - see, for instance 0. Because of 
the change in sign, it is not clear what will now happen to the stability of these 
solutions. 

In 1991 Chen et al. j2| conjectured that for bounded intervals and under 
certain extra conditions on the damping the trivial solution of 1^ would re- 
main stable. This was disproved in 1996 by the first author who showed that in 
the case of bounded 51 in R'^ this sign-changing condition is sufficient to cause 
the existence of unbounded solutions of (^3), provided that the i°°-norm of the 
damping is large enough jJT]. Heuristically, this behaviour can be understood 
from the fact that, when a changes sign, as the parameter a increases equa- 
tion (^ (formally) approaches a backward-forward heat equation and thus one 
does expect the appearance of points in the spectrum on the positive side of the 
real axis. On the other hand, and still at the heuristic level, note that while 
for bounded domains the result is not unexpected from the point of view of 
geometric optic rays either, for unbounded domains this is not as clear. Think, 
for instance, of the case of 51 = R'' and assume that a{x) is negative inside 
the unit ball, positive outside, and goes to zero as \x\ goes to infinity. Then 
Theorem n below still gives that for large enough a the trivial solution of ^ 
becomes unstable. 

The purpose of the present paper is to extend the results for the bounded 
case to unbounded domains and, in fact, the idea behind the results given here 
is the same as that used in [TP. The key point is the observation (c/ Lemma|21l 



that it is possible to obtain information on the real part of the spectrum of the 
damped wave equation operator by studying some spectral properties of the one- 
parameter family of self-adjoint Schrodinger operator S"^ generated on L^(f2) by 
the differential expression 

6^:=-A + 6 + ^a, (2) 

where yi/, is a real parameter. However, the situation now becomes more complex 
due to the presence of essential spectrum, and, in particular, requires the ex- 
tension of some results for 5^ to this setting which we believe to be interesting 
in their own right - see Appendix IXI 

To state the main instability result, we now need to introduce some notation 
and basic assumptions. Throughout the paper, we assume that the damping 
coefhcient a is bounded and that the potential b is bounded from below, does 
not have local singularities but can grow at infinity, namely, 

(HI) a e L°°{n), b £ ii^e(^) arid b„,in ■■= cssinf 6 > -oo . 
We also use the notation 

Omin '■= essinf a and Omax '■— ess sup a . 

Under the stated assumptions, the initial value problem (Q has a unique solution 
(c/ Corollary 121 in Appendix IbI) . The main result of the paper implies that if 
the damping a is sign-changing then there arc initial conditions of (Q for which 
the corresponding solution are unbounded for sufhcicntly large a. 

Theorem 1. Assume (HI). // Omin < 0, then there exists ao > such that the 
system JQ) is unstable for all a > aa. 

The instability property is obtained by studying a spectral problem for a 
non-self-adjoint operator Aa generated by the matrix-differential expression 

-6o -aaj' ^^) 

which appears in a first-order evolution equation (c/ (|7|l) equivalent to (0, 
and proving that under these conditions there are positive points in its spec- 
trum (Theorem Ell. If the point in the spectrum is an eigenvalue, then this 
result shows that there are initial conditions of ^ for which the corresponding 
solution grows exponentially. If the point belongs to the essential spectrum, 
then Theorem ^ follows as a consequence of the global instability property (GI- 
property) for a local semi-dynamical system associated with (Q , cf 1201 ■ In order 
to apply the last result, we need to ensure that Aa generates a Co-semigroup 
{cf Appendix JBl). 

The organization of the paper is as follows. In the preliminary Section (21 
we define properly the operators S*^ and Aa, and state some basic properties. 
The real spectrum of Aa is investigated in Section O where we also prove The- 
orem 12 which implies the instability result of Theorem ^ Section ^ is devoted 



to a more precise discussion of the real essential spectrum of Ac in unbounded 
domains if the damping a is asymptotically constant; we also discuss there the 
relation between the essential spectrum and the form of fl or the behaviour of b. 
In Section [S] we discuss the application of the results obtained to the semilin- 
ear case, and consider some open questions. The paper is concluded by two 
appendices, where we establish the asymptotics of eigenvalues of 5^ below the 
essential spectrum for large |/z| and prove the Co-semigroup property of Aa- 

Given a closed operator A in a Hilbert space, we denote by a (A), (Jp{A), 
(Jd{A), cre{A), repectively, the spectrum, the point spectrum, the discrete spec- 
trum and the essential spectrum of A. There are various definitions of the 
essential spectrum for non-self-adjoint operators in the literature, cf ^^. We 
define adA) :— cr{A) \ era (A) and recall that A S ad{A) if and only if it is an iso- 
lated point of (J (A) consisting of an eigenvalue with finite algebraic multiplicity 
and with the range of A — XI being closed. 

We also point out some special conventions that we use throughout the 
paper: N* = N \ {0}, where N = {0, 1, 2, . . . }, and R^^ = (0, ±oo). 

2 Preliminaries 

Denote by (•, •) the inner product in the Hilbert space L^(J7) and by || • || the 
corresponding norm, and let fl be an (arbitrary) open connected set in M.'^, with 
d>l. 

2.1 The auxiliary Schrodinger operator 

In this section we consider the family of one-parameter Schrodinger operators S^ 
on L^(ri), subject to Dirichlet boundary conditions, generated by the differential 
expression ^, where ^ is a real parameter and a, 6 : il — > R are measurable 
functions satisfying (HI). 

The operators S^ are introduced as follows. Let sq be the sesquilinear form 
on i^(r2) defined by 

■IMUo 



so(0, V') := (V</), VV) + (0,&V') , 0, V' G D{so) := C§°{n) 

where 

\\-\\l--=\\-\\nHn) + \\ib-Kin)^-f- 

(Note that D{so) is continuously and densely embedded in 7iJ(ri).) Since the 
form So is densely defined, closed, symmetric and bounded from below |1(J[ 
Sec. VII. 1.1], it gives rise to a unique self-adjoint operator ^o which is also 
bounded from below. Using the representation theorem |15[ Chap. VI, Thni. 2.1], 
we have that 

So^J = eo4'. ^pe D{So) = {^ G D{sq) \ SoV- e L^{n)} . 

Since a is bounded, the quadratic form 

Si_, [ip] -.^ SQ['ip]+ ^i{ip, aip) , ^^: e D{s^) := D{so) , 



gives rise to a self-adjoint operator S'p which is bounded from below and satisfies 

S^^ = S^V , V- e D{S^) = D{So) . (4) 

Let {7n(At)}neN* be the non-decreasing sequence of numbers corresponding 
to the spectral problem of 5*^ according to the Rayleigh-Ritz variational formula, 
i.e. 



7„(^) := inf < sup 

■4,eL 



g^N 
M' 



L C D{so) & dim(L) = n} . (5) 



Proposition 1. Assume (HI). Each fi i-^ 7ri(M) ^•s o- continuous Junction with 
the uniform asymptotics 

, s J amaxM + o(/i) 0.S /X -> -CX) , 

7n(/i) = < ^ , . 

I aininM + o(Aij as ^ — > +oo . 

Proof. The continuity is immediate from the definition (jSJ; indeed, the Lipschitz 
condition |7n(/i) — 7n(M')l — IIq^IIooIm ~ m'I holds true. The asymptotics follow 
from the more general Theorem 01 in Appendix 1X1 D 

We recall that 7„ (/i) represents either a discrete eigenvalue of S^. or the threshold 
of its essential spectrum, cf jHi Sec. 4.5]; 71 (/x) is the spectral threshold of 5^, 
i.e., 71 (/i) = inf cr(S'p). 

Let 7oo(At) := inf CTe(S'/i) denote the threshold of the essential spectrum of S^ 
(ifadS^) = 0, we put 7cx3(m) ■= +00). The following formula is a generalization 
{cf [TOl Sec. X.5]) of a result due to Persson ^■. 

( s lip] ] 

7oo (m) = sup < inf ,,^, ,,„ iiT compact subset of fi > . (6) 

\i^ecs°{n\K) IIV-IP J 

Proposition 2. Assume (HI), /i 1-^ 7oo(m) *s a continuous function satisfying 

I s ^ J 7oo(0) -t-ainaxA* «/ M<0, 
[7oo(0) -l-a,„i„/i 1/ A'>0. 

Proof. The Lipschitz condition |7oo(/^) — 7oo(/i')l — l|a||oo|/^ ^ A*'| and the lower 
bounds to 700 (a*) are immediate consequences of (0. □ 

2.2 The damped wave operator 

Let us introduce the Hilbert space H. :— D{so) x L'^{n) of vectors ^ = {V'l, ^2}, 
where ipi S -D(so) and -02 € -^^(f^)j and let us equip it with the norm j| • ||>^ 
defined by 

It is clear that H is the completion of C^{fl) x C^{fl) w.r.t. || • ||-h. 



Writing ^pi := ip and ip2 '■= ipt, the problem (Q is equivalent to the first-order 
system 

I *^-^"*' (7) 

where Aa is the operator associated with (O; it is properly defined as follows: 

Aq{'0i,i/'2} := {■(/'2,-S'oV^i -aaV'2} , (8) 

{^i,M e D{Ao.) := D{So) X D{so) . 

Proposition 3. Assume (HI). The operator Aa is densely defined and closed. 
Furthermore, it is the generator of a Co-semigroup on Ti. 

Proof. The density and closedness follow due to the same properties for 6*0, sq 
and the boundedness assumption on a. The Co-semigroup property is proved 
in Appendix ( cf Theorem (S)) . D 

We shall use the following sufficient condition (characterization of the essen- 
tial spectrum due to Wolf 21 ). 

Lemma 1. Assume (HI). If there exists a singular sequence of A^ correspond- 
ing to X Cz C, i.e., a sequence {^n}neN Q -D(Aq,) with the properties 

||*„||„ = 1, ^„— !fi-->o and {Aa-Xl)^n >0 m H, 

n — ^00 n — ^00 

then A G adAa). 

We recall that the existence of singular sequence provides also a necessary 
condition in the characterization of essential spectrum for self-adjoint operators. 

3 Real spectrum of the damped wave operator 

Our further approach is based on the following trivial, but essential, observation 
that links the spectral problems for the operators Aa and S^. 

Lemma 2. Assume (HI). V^ £ M, Va > 0, 

(i) -{n/af e crp(5'p) ^=^ ^i/a G (Tp{Aa) , 

(ii) -{li/af e 0-0(5^) =^ l^/a £ ffcC^a) ■ 

Proof, ad (i). If — (^/a)^ G crp(S'^), then there exists a, tp £ D{So) such that 
Sfj,i^ = —{fi/ay-ip and \1/ = {■!/'i,i/'2} '■— {ip, (m/q;)'/'} G D{Aa) is easily checked 
to satisfy Aa'i = {n/a)'^ . Conversely, if 11 /a E ap{Aa), then there exist -01 G 
D{Sq) and V'2 G D{so) satisfying the system 'ip2 — (m/^)^! , —Soipi — aaTp2 = 
{fj,/a)'ip2 , which yields 6*^1 V'l = — (/^/a)^'0i- 

ad (ii). If —{p/a)"^ G (To(S'p), then there exists a sequence {"(AnlneN ^ D{So) 
for which ||'0n|| = 1, V'n — > and (5^ -I- (/i/Q;)^l)-(/'n — > in L^(J7) as n — > 00. 



We shall show that the sequence {vE'ri/||'I'n||-H}nGN, where \l/„ = {i/)^,i/)^} := 
{il'n,ifJ'/c()ipn}, is the singular sequence of Lemma Q] with A = /i/a. First of 
all, we note that llv^nllK > 1 1 ''/'nil so > llV'nII = 1, so the sequence is well-defined, 
normalized in 7i, and it is enough to check the weak and strong convergence of 
Lemma n for the sequence {^„}„gn- Clearly, 

(A,-(^/a)l)*„ = {0,-(5^ + Wa)2l)^„} .{0,0} in D{so)xL^{n). 

n — >oo 

It is also clear that ip'^^ — > in L'^{il) as n — > oo, so it remains to show that 
ip^ = ipn — >■ in D{sq) as n — > oo. The latter can be seen by writing 

(0, V'n)so = (</>' ['5'm + Wa)^l]'0n) + (0, [1 " Vin - fitt - {fj./ a)^]tpn) 

for every e D{so). D 

The importance of this result is that it makes it possible to look for real points 
in the spectrum of Aa by considering the much simpler (since self-adjoint) spec- 
tral problem for 5*^. (Although the latter continues to make sense for complex /i, 
in such a case, however, one is merely trading one non-self-adjoint problem for 
another.) In view of our definition of essential spectrum, it is clear that, in 
general, there might be a ^/a e ac{Aa) such that — (/x/a)^ ^ (Te(S'^), and that 
is why we do not have a proof for the converse implication in (ii) of Lemma |2| 

Lemma |21 yields 

Proposition 4. Assume (HI). For any a > 0, 

(i) OeCTp(S'o) ^=^ 0ef7p(A„), 
(ii) OefTe(S'o) =^ Oeae(A„), 
(iii) 7i(0)<0 =^ (o-(A„)nMl 7^0 & cr(A„) n R; 7^ 0) , 

(iv) 7oc(o) < =^ (aMc) n R*_ 7^ & a,{A^) n m; ^ 0) . 

Proof, (i) and (ii) are direct consequences of Lemma |21 Since 71 (0) < 0, it 
follows by Propositionnthat there exist at least one negative and one positive /i 
at which the curve /i i— > 71 (/i) G cr(S'p) intersects the parabola /i l—^ —{fi/af' . If 
7oo(0) < 0, one applies the same argument to 700, with help of Proposition[21 □ 

In (iii) of Proposition^ since the spectral nature of 71 (/x), i.e., whether it 
belongs to the discrete or essential spectrum of S'p, may vary with /z, we do not 
know of which spectral nature are the corresponding points in the real spectrum 
of Aa. This can be decided, however, if S^ has no negative essential spectrum. 
Let us define 

N^, := #{n e N* | 7„(Ai) < min{0,7oo(M)}} , 

i.e., the number of negative eigenvalues of Sp, below its essential spectrum, 
counting multiplicities. 



Proposition 5. Assume (HI). //7oo(a*) > for all fi < (respectively all 
H > 0), then there exist at least Nq negative (respectively Nq positive) eigenval- 
ues of Aa for all a > 0. 

Proof. The claim is trivial for A^o ~ 0. Let us assume A'o > 1 and 7oo(a') > 
for all ^ < 0. Under the assumptions, 7„(0) € o'd(<S'o) H Ml, n e {!,..., Nq}, 
and one applies the argument of the proof of Proposition 0| to every curve 
A* '"^ ln{f)- The difference is now that "fnip-) cannot become 7oo(m) for /^ ^ 0, 
without crossing the parabola /i i-^ —{ji/a)^, so the intersection corresponds to 
an eigenvalue. The same argument holds for the case /^ > 0. D 

Proposition [3 is a generalization of 11, Prop. 3.2], where the result was 
established for both bounded fJ and 5; then 7oo(/^) = +oo (i.e., adS^) — 0) 
and iVo < +oo. It is worth to notice that, in our more general setting, 7oo(/^) 
can be finite and A^o infinite. 

To state and prove the main result of the paper, we impose on the damping a 
the following indefinitness condition 

(H2) a,nin < and Cmax > 0. 

Theorem 2. Assume (HI) and (H2). For all sufficiently large a, there is at 
least one negative and one positive point in the spectrum of Aa ■ Moreover, 

(i) if lim 7oo(m)//^ < amax (respectively lim 7oo(m)/m > aminj, then there 

exists a positive increasing sequence {a!^}°?,]^ (respectively {a^}^i) such 
that: \/a G [a^ ,a^,-^) there exist at least j negative eigenvalues of Aa 
(respectively Va G [a'^,a'^t^) there exist at least j positive eigenvalues 
ofAa); 

(ii) if "focitJ-) > for all ^ < (respectively for all /i > 0), then there exists 
a positive increasing sequence {aj}°^i (respectively {ct'^}f^i) such that: 
Va e {aj,a^,^] there exist at least 2j + Nq negative eigenvalues of Aa 
(respectively \/a G (a^,aj"_^]^] there exist at least 2j + Nq positive eigenval- 
ues of Aa) and Va G (0, a(^] there exist at least Nq negative eigenvalues 
of Aa (respectively y a G (0,a]^] there exist at least Nq positive eigenvalues 
ofAa); 

(iii) if 7oo(m) < for some /j. < (respectively for some /i > 0), then there 
is at least one negative (respectively one positive) point in ae{Aa) for all 
sufficiently large a; 

(iv) if 7oo(0) > and 7oo(m) < f'^^ some /i < (respectively for some 
fi > 0), then there are at least two negative (respectively two positive) 
points in o'c(^q) for all sufficiently large a. 

Proof. We shall prove the claims for the case ^ > (i.e., the results about the 
positive spectrum of Aq,), the case of /x < being similar. 



If 7i(0) < 0, then the first statement holds for all a > by Proposition 01 
If 7i(0) > 0, then the curve /i i-^ 7i(m) does not intersect the parabola fx i— *■ 
— (/i/a)^ for sufficiently small a, but it does (in fact, at least twice), in view of 
Proposition n and (112), if a is large enough; the intersections are positive and 
the result follows by Lemma El If 7i(0) = 0, then there will be at least one 
positive intersection by the same argument. 

ad (i). By virtue of Proposition ^ the assumption (H2) and the condition 
about the asymptotic behaviour of the threshold of the essential spectrum, it 
follows that for any n S N* there is an /i„ > such that jnifJ') < min{0, jooifJ-)} 
for all /z > /i„, i.e., 7n(/i) is a negative discrete eigenvalue of S^ for all /i > 
/i„. Moreover, the sequence {nn}^=i can be chosen in such a way that the 
sequence {an}^=i defined by a^ :— /x„/-\/— 7„(/i„) is increasing. However, 
by Proposition ^ each curve /i i— > 7n(M) has at least one intersection with the 
parabola /i i-^ — (/i/a)^ for all a S [a+,oo). Hence, by Lemma 12 Aa has at 
least n positive eigenvalues for all a £ [a+, a^_^_l). 

ad (ii). The Nq positive eigenvalues of Aa correspond, by Proposition |S1 
to Nq negative eigenvalues of Sq, for all a > 0. Let no > Nq be the lowest 
of all n satisfying 7„(0) > (it always exists since 7oo(0) > 0). Let n £ 
{no,...,oo}. Since 7„(0) > 0, the curve /i i— > 7„(/i) does not intersect the 
parabola /x i-^ —(fi/a)'^ for a sufficiently small. It follows by Proposition^that, 
by increasing a, it is possible to make these two curves touch for some /i > 0. 
Denote by <x^_n +i the point for which this happens for the first time. Then, 
as a increases past this value, there will always exist at least two intersections 
for positive /i. Hence, by Lemma |21 Aa has at least 2(n — uq + 1) positive 
eigenvalues for all a G (q;^_„^^]^,oo). Since 7„ is below 7n+i, it follows that 
the sequence {oi^}fLi is not decreasing. In fact, there exists an increasing 
subsequence {a~^}°^i because each negative 7„(^) represents an eigenvalue of 
finite multiplicity. 

ad (iii). Given a /i > such that 7oo(m) < 0, we define uq := /-t/y— 7oo(/^ 
and it follows by Proposition |21 that there is at least one positive intersection of 
M I— > 7cx;(m) with the parabola ^, i-^ — (/x/a)^ for every a £ [ao, oo). The result 
then follows by Lemma |2| 

ad (iv). Since 7oo(0) > 0, the curve /i i— > 700 (/i) does not intersect the 
parabola /x i— > —{fi/a)'^ for a sufRciently small. However, since there is a /x > 
such that 7oo(/i) < 0, it follows that, by increasing a, it is possible to make 
these two curves touch for some /i > 0. Denote by ao the point for which this 
happens for the first time. Then, by Proposition 12 as a increases past this 
value, there will always exist at least two intersections for positive fi. Hence, by 
Lemma 121 Aa has at least two positive points in the its essential spectrum for 
all a e (ao, 00). D 

Remarks. Assume (H2) and 7oo(/x) > for all /i e M, and denote by A(a) a 
real eigenvalue of Aa , as described in the proof of the part (ii) of Theorem (21 
Following jll|. it is possible to give some more properties of A(a). 

For instance, the following properties are clear from the proof of Proposi- 
tion[Sland the part (ii) of Theorem|21 ( c/ also 11, proof of Prop. 3.8]): If A(a) < 



(respectively A(a) > 0) corresponds to a negative eigenvalue of ^o, the function 
a 1-^ A(a) is decreasing (respectively increasing) and A(q;) -^ — oo (respec- 
tively -|-cx)) as a ^ +00. In the case of the two negative (respectively positive) 
eigenvalues, corresponding to some positive 7n(0), one of these eigenvalues is 
increasing (respectively decreasing) to zero, while the other is decreasing to —00 
(respectively increasing to +00). 

Also, since 71 remains below all other curves 7„ and the eigenfunction of 5'^ 
corresponding to 71 (^) < can be chosen to be positive, we get the following 
characterization of the eigenfunctions of Aa corresponding to its extreme real 
eigenvalues (c/ ^2 Thm. 3.9]): li Nq > 0, then the eigenfunction '^ = {i/)i,'02} 
corresponding to the smallest negative (respectively largest positive) eigenvalue 
of Ac can be chosen in such a way that ^1(2^) > and ip2ix) < (respec- 
tively 'ip2{x) > 0) for all X & fl. If A'^o = and Aa has negative (respectively 
positive) eigenvalues (this always happens for a sufficiently large), then the 
eigenfunctions ^ = {V'1,'02} corresponding to the largest or the smallest of 
these eigenvalues can be chosen in such a way that ^'1(2^) > and ^^2(2^) < 
(respectively ip2{x) > 0) for all x G ft. 

If both il and b arc bounded. Theorem |21 reduces to ^2 Thm. 3.6]. Actually, 
all the complexities of the present theorem are due to the possible presence 
of essential spectrum in our more general setting. The question of essential 
spectrum is discussed in more details in the following section. 



4 More on the essential spectrum 

All the spectral results of the previous section are based on proving an inter- 
section of the functions 7™ or 700 with a parabola. The results are qualitative 
since we have used just the continuity and asymptotic properties of the func- 
tions (Propositions n and |2J|. The purpose of this section is twofold. Firstly, we 
use known properties of 700 in the case where a converges to a fixed value at 
infinity in order to state more precise results about the real essential spectrum 
of Aa- Secondly, on characteristic examples, we discuss the nature of the real 
spectrum of Ac, as related to the form of the domain fl or the behaviour of the 
potential b. 

4.1 Asymptotically constant damping 

If ^nifJ-) is a discrete eigenvalue of S^ for all /i e M and a is not constant, then 
it is hard to say anything about the behaviour of the curve fi 1— > jnifJ-), apart 
from small values of the parameter fi (via perturbation techniques) or large fj, 
(cf Proposition ^|. On the other hand, the behaviour of the curve ^ i—> 700 (/^) 
is expected to be usually simple because, heuristically speaking, the essential 
spectrum comes from "what happens very far away" only. The above statement 
is made precise in context of the following result, which can be established by 
means of the decomposition principle ^1 Chap. X]. 
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Proposition 6. Assume (HI). IfVl is unbounded and the limit 

a^o '■= lim a{x) 

\x\ — >oo, 2;G0 

exists, then 

V^ e K, (ToC'S'p) = crc(5'o) +aooM- 

In particular, under the assumptions of Proposition|Bl the curve /i i— > jooi/J') 
is hnear (if 7oo(0) = +00, then 700 (m) = +°° for all /^ G M). AppHcations of 
this result to Theorem |21 are obvious. For instance, the sufficient conditions 
from the case (i) of Theorem |5| are satisfied if a^c < Omax (respectively aao > 
amin)- Also, it foUows from the case (iii) of Theorem [21 that there is always 
a negative (respectively positive), point in adAa) provided adSo) ^ and 
floo > (respectively Ooo < 0). Actually, a stronger result holds if the essential 
spectrum of Sq is an infinite interval: 

Proposition 7. Assume the hypotheses of Proposition El Suppose also that 
o'c(S'o) = [700(0), 00) and Sa := a^alo ~ 47oo(0) > 0. Then 



2 1 ""'oo V "ay 1 2 



-afloo - VSa ,9 -aooo + ySa 



C ad^a.) 



Proof. Combining the assumption i7c('S'o) = [700 (0), 00), Proposition (51 and 
Lemma we see that every point between the intersections (if they exist) of 
the parabola /i i-^ — (/i/a)^ with the line /i 1-^ 7oo(0) + Coo/i lies in the essential 
spectrum of Aa ■ The claim then follows by solving the corresponding quadratic 
equation (in particular, the condition 5q > ensures its solvability). D 

4.2 Examples 

In this subsection the significant features of fi or & as regards ad^a) are dis- 
cussed. Since the spectrum of Aa is purely discrete whenever Q. is bounded, we 
restrict ourselves to unbounded Vt here. We also assume that the hypotheses of 
Proposition El hold true, in particular, Ooo denotes the asymptotic value of the 
damping a. 

4.2.1 Different types of domains 

We adopt the following classification of domains in Euclidean space due to 
Glazman |I31 §49] (see also fOl Sec. X.6.1]): $7 is quasi-conical if it contains 
arbitrarily large balls; f2 is quasi- cylindrical if it is not quasi-conical but contains 
a sequence of identical disjoint balls; Q. is quasi-hounded if it is neither quasi- 
conical nor quasi-cylindrical. For simplicity, let us assume that 6 = 0, so that Sq 
is just the Dirichlet Laplacian in f2. 
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Quasi-bounded domains If the boundary of fl is sufficiently smooth (c/ |ll)[ 
Sec. X.6.1] for precise conditions in terms of capacity), Molcanov's criterion JT] 
implies that the spectrum of Sq is purely discrete. Then the same is true for the 
operator Aa, i.e., ac{Aa) = 0. If the hypothesis (112) holds true, the part (ii) of 
Theorem 12 claims that there are always negative and positive eigenvalues of Aa 
for a sufficiently large. This situation is analogous to the bounded case [TT] . 

Quasi-conical domains The spectrum of Sq is purely essential and equals 
the interval [0,oo). By Propositions Elands o'e('S'^) = [oooM, oo), and there are 
discrete eigenvalues below the essential spectrum for sufficiently large positive fi 
if Ooo > amin Or Sufficiently large negative ^ if Ooo < amax- By Proposition [7| 

[-f (|aoo| + Ooo) , f (|aoo| - floo)] C ac{Aa) , 

i.e., Aa has a real essential spectrum for any a > 0. Information about the real 
point spectrum of Aa is contained in the part (i) of Theorem 13 

Quasi-cylindrical domains Since the precise location of <Jc{So) is difficult 
in this situation (a detailed analysis of this problem may be found in Glazman's 
book 5SI)j we shall rather illustrate the nature of a{Aa) in the particular case 
of tubes. 

Let n he a tubular neighbourhood of radius r > about an infinite curve 
in M.'^, with d > 2, and assume that it does not overlap itself and that the condi- 
tion II Kill CO ?■ < 1 holds true, where ki denotes the ffi'st curvature of the reference 
curve. If the tube is asymptotically straight in the sense that ki vanishes at 
infinity, it was shown in [3| that the essential spectrum of 5*0 is the interval 
[^'l, cxd), where I'l > denotes the first eigenvalue of the Dirichlet Laplacian in 
the (d — l)-dimensional ball of radius r. (Furthermore, there exists at least one 
discrete eigenvalue in (0,1^1) whenever ki 7^ 0.) It follows that the assumptions 
of Proposition are satisfied if Coo 7^ and a is sufficiently large. That is, 
depending on the sign of Ooo , Aa always has an open interval in its negative or 
positive essential spectrum for a sufficiently large. An information about the 
real point spectrum of Aa is contained in the part (i) or (ii) of Theorem |21 

4.2.2 The behaviour of the potential 

For simplicity, let us assume that fi is the whole space R'^ (a special case of 
quasi-conical domains). Since the potential b is assumed to be locally bounded, 
the essential spectrum of Sq will depend on the behaviour of b at infinity only. 
Assuming 

hm b{x) = 600 e [bmin, +00] , 

\x\ — 'OC 

we distinguish two particular behaviours: 

600 = +00 It is easy to see that 700 (0) = +00 and the spectrum of 5*0 is 
therefore purely discrete. Consequently, the spectrum of Aa is purely discrete 
as well and the situation is analogous with the bounded case |11| . 
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^oo < +00 The essential spectrum of ^o is the interval [boo, 00) and there might 
be discrete eigenvalues in [5niin,&oo) if ^min < &oo- By Proposition (HJ we have 
o'eiSfj,) = [boo +0^00/^, 00), and this gives an information about the real essential 
(respectively real point) spectrum of Aa through Proposition [7| (respectively 
through the part (i) or (ii) of Theorem |21). 

5 Remarks and open questions 

In a similar way to what was done in |11| . the results given here can be used to 
obtain information about semilinear wave equations of the form 

utt + fix,u,ut) ^ Au, xeQ. (9) 

In particular, the stability of stationary solutions of ^ can be related to that 
of solutions of the parabolic equation 

ut + fix,u,0) = Au, xen. (10) 

A typical example of such a result would be the following, the proof of which 
follows in the same way as that of the corresponding result in |11| - note that 
equations © and (|10|l have the same set of stationary solutions. 

Theorem 3. Let w be a stationary solution of equation © • Then ifw is linearly 
unstable when considered as a stationary solution of the parabolic equation l|l()|l . 
it is also linearly unstable as a stationary solution of (Q. 

More specific results in the spirit of those in ^J may be given in the case of 
quasi-bounded domains, for instance. 

Regarding stability issues, and as in the bounded case, it would be of in- 
terest to know if there are situations when the trivial solution of Q remains 
(asymptotically) stable for small a when a is allowed to become negative. In 
the former case, the problem remains open in dimension higher than one, but 
there are several results for the one dimensional problem showing that this is 
still possible |21E]. However, even in the case of the real line, the situation for 
unbounded domains seems to be more difficult due to the presence of essential 
spectrum. Also, the proof of stability in the case of an interval used information 
about the asymptotic behaviour of the spectrum which is not available in the 
unbounded case. 

Finally, let us remark that it is possible to adapt the approach of the present 
paper to damped wave equations with a more general elliptic operator instead 
of 5*0 considered here. 

A Eigenvalue asymptotics 

In this appendix we prove the asymptotics of Proposition ^ Wc proceed in a 
greater generality by admitting local singularities of the function b and that a 
is bounded just from below. That is, the assumption (HI) is replaced by 
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(HI') a,beLl^in) and 

(a) flniin := essinf a > — cx), 

(b) 6 = 61 + 62 where 61 G Ll^^{n), 6i_i„in := essinf 61 > —00 
and 62 G LP{fl) for some p £ [d, cxd]. 

Here we restrict ourselves to /i > (the case of /i < being included if a G 
L°°(ri)) and define the realization 5'^ of the differential expression jSJ as the 
operator associated with the sesquilinear form 

s^(0, V) := (V0, VV-) + A* l.^, a^) + (0, feV-) , 

■lU. 



■Hi(n) ^ II L^ *-" ^ "min7 T" ui — fi^niin T" "2 



' -II -112- +||U(a-a^i„) + 5i-5i,„,i„ + 6+l5 



where b^ denotes the positive part of 62- The operator S*^ is self-adjoint and 
bounded from below because the form s^ is densely defined, closed, symmetric 
and bounded from below ^J Sec. VII. 1.1]. We also verify that 

5^V^ = 6,,V, 4'(^D{S^)^{^beD{s^)\6,,^jeL^{n)}. (11) 

It is clear that the operators verifying I^J or 111|) coincide provided a E L°°{il.) 
and 62 = 0. 

We recall the definition (0) of the sequence {7n(M)}neN' and prove 

Theorem 4. Assume (HI'). One has 

VneN*, lim 3^ = a„i„. 

Proof. Since S'^ > (inf cr(S'o) + /^a,„in)l, we have lim^^+00 7„(/i)/Ai > amin by 
the minimax principle. To obtain the opposite estimate, we are inspired by 
proof of Thm. 2.2]. Let Ma denote the maximal operator of multiplication by a, 
i.e., Maip := aip,Tp e D{Ma) := {ip G L?{n)\ aip G L'^{^)}. The spectrum of M^ 
is purely essential and equal to the essential range of the generated function a. 
In particular, amin G <^c{Ma). By the spectral theorem, there exists a sequence 
{V'iljeN* ^ D{Ma) orthonormaHzed in L^(fi) such that \\{Ma — aniinl)'0jll -^ 
as j -^ 00. Since C^(ri) is dense in D{AIa), it follows that there is also a 
sequence {<Pj}j(=n* Q C^{Q) satisfying 

{(pi,(Pj) - Sij — > and {ipi, (Ma - aminl)ipj) — > 

asi,j -^ CX3. Now, given N E N* , choose k = k{N) G N sufficiently large so that 

A{N) ~v,r,in I <N-H and B(7V) > i 1 , 

where A{N), respectively B{N), is the N x N symmetric matrix with en- 
tries {ipi+k,aipj+k), respectively {(pi+k,^j+k), for i,j G {l,...,iV}. In view 
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of IjSJl and since span{(fj^k}f=i is an A^-dimensional subspace of D{s^), one has 
7n(M) ^ CnifJ.jN) for all n G {!,..., TV}, where {c„(/x, A'')}^^^ are the eigen- 
values (written in increasing order and repeated according to multiplicity) of 
the matrix C{n,N) = {Cij{^i,N))f.j^^ defined by Cij{n,N) := s^{ipi+k,fj+k)- 
However, it is easy to see that 

C(m, N)<ti (a,nin + N-^) 1 + d{N) 1 , 

where d{N) denotes the maximal eigenvalue of the matrix 

Hence, for all n e {1, . . . , N}, 

lim ldl^<a,,,i,, + N-' 

with N being arbitrarily large. D 

Remark. The asymptotic behaviour of Theorem^ for both bounded fi and a 
was established in ^i Corol. 2.6] (see also ^ proof of Lemma 2.1] and 0)- 

B The semigroup property 

Unable to find a suitable reference, in this appendix we prove that the opera- 
tor Aa is the infinitesimal generator of a Co-semigroup on H. Our strategy is 
to modify the approach of [22 Sec. XIV. 3] (see also ^1 Sec. 7.4]), where the 
property was shown for fl = R'^, b G L°°(0) and a — 0. 

We will need some preliminaries. Firstly, we prove the following solvability 
result, which is well known if b and f2 were bounded. 

Lemma 3. Assume (Rl). Let 7] & {0,ria) with r/a := ^[l + a\ajnin\ + \bniin\) 
For any cj) £ L'^{il), there is a unique function tp E D{So) satisfying 

{l + T]aa + Tj^SQ)tP^<j>. (12) 

Proof. We are inspired by ^3 Remark 2.3.2]. First of all, if ry G (0,770), then 
we can establish the a priori bound 

11^11.0 <(N/2,y)-i 11011. (13) 

Let {n„}„gN be an exhaustion sequence of f2 {i.e. each r2„ is a bounded open set 
such that fin CC ftn+i and IJ^gp^ ri„ = O). Let ipn G 7iJ(r2„) be the solution 
of the boundary problem 1)12(1 restricted to ri„; the existence and uniqueness 
of such solutions is guaranteed, e.g., by ^1 Sec. II. 3]. We extend tpn to the 
whole ri by taking it to be zero outside r2„, and we retain the same notation "0^ 
for this extension. All the ipn are elements of D(sq) and satisfy the a priori 
bound ((13(1 . Consequently, {ipn}neN is uniformly bounded in D(sq) and there 
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exists a subsequence {'(/)„^}fegN which converges weakly in -D(so) to some func- 
tion ip. This function is the desired solution. Indeed, the functions ipn satisfy 
the integral identities 

{(fi, ■0«) + ?7 if, oiaipn) + V^i'P, Soipn) = {ip, <t>) (14) 

for all (p e C^{Vtn)- In 1141) . we fix some Lp e C^{Q.n), and then take the 
limit in the subsequence {fiklken chosen above, assuming that rik > n. In the 
limit we obtain (|14|) for ij) with the function Lp that we took. Since these (/3 
form a dense set in -D(so), 4' satisfies the identity (|14|) for all Lp E D{so), hence 
it is a generalized solution of the problem (|12|l . By the uniqueness, which is 
guaranteed by the bound (|13|l . the whole sequence {V'nIneN will converge in 
this way to the solution -0 € D{so). The property -(/' & D{So) follows from p2|l 
and the facts that (f) € L^{il) and a is bounded. D 

Now we can prove 

Lemma 4. Assume (Rl) . Lei $ = {^i, (/)2} G Cjf (f^) x C^(J7) and 77 e (0, /;„). 
Then the equation 

*--7/Aa* = $ (15) 

has a unique solution ^ = {"017 '02} G D{Aa)- Moreover, 

ll*llw<(i-'7A;a)"'ll*llw- 

Proof. Let (y5i,(/92 G D{So) be the respective solutions of 
(1 + riaa + i]'^So)ipi = 0i , 
[1 + r]aa + rf'So)ip2 — aacpi + 02 • 

Set 

4!! := tpi + r]ip2 , '4!2-=-{aa + riS(3)Lpi+ip2- 

It is easy to check that ^ :— {0i,'02} G D{So) x iy^(f7) and it satisfies the 
equation (|15|l . i.e., 

01 -?7 02 = 01, ryS'oV'i + (1 + ?7aa)0j2 = 02 ■ 

Actually, it follows from the first of the last two equations that 0^2 G D{so), 
so Vf G D{Aa) and it is the desired solution. Moreover, we have 

mn ^||0i|l?„ + ||02|P 

2 I 11^ Q_„l._ I /'1 I „ „,„\„l._ l|2 



01 -Vi^2\\sr, + ll'7'5'o'0i + [l + vaajtlJ: 
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> ||0i||'„ + 110211' + 27? (?A2,aa02) 

- 2r/Re(0.2, [-A + 6 - &„,;„ + l]0>i) + 2ryRe(V'2, 5o0i) 

> Utilise + IIV'2|1' + 277aa„,in ||02f - V (ll^2|P + |1 - VinI Ul\\') 

> (1 - ry [2 + 2a\anun\ + |Vin|]) ||*||h 

> (1-77/77^11*112^ 

and (1 - |x|) > (1 - |x|)2 for |x| < 1. □ 
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Lemma 0] shows that the range of the operator 1 — rjAa contains C^{i^) x 
C^{n) for all T] G (0,77q.). Since Aa is closed (c/ Proposition 0) , the range 
of 1 — j]Aa is all of TC and we have 

Corollary 1. Assume (HI). For every 77 G (0, rja) and $ G 7i the equation H15|l 
has a unique solution '^ G D(Aa) and W'^Wh < (1 — v/Va) ll^llw- 

Now we are ready to prove 

Theorem 5. Assume (HI). The operator A^ is the infinitesimal generator of 
a Co-semigroup Ua on Ti, satisfying 

VtG(0,oo), ||;7„(i)|| <e'^°* (16) 

with uja :== 2(1 + a|ai„i„| + |6mm|)- 

Proof. The domain of A^ is clearly dense in H. ( cf Proposition O) . /^From 
CorollaryQ]it follows that (z — Aq,)~^ exists for all z G (ijJq,,oo), cJq, — rj^^, and 
satisfies 

(z— Aq,)^ < (-Z ~ "^q)" for Z > OJa ■ 

The claim then follows by _18, Thm. 1.5.3]. D 

Remark. Since a is bounded, the proof could also be done by showing that Aq 
is an infinitesimal generator of a Co-group Uq and applying J^ Thm 1.1 of 
Chap. 3]. 

As an application of Theorem |S1 one has the following 

Corollary 2. Assume (HI). Let (pi G D{So) and 02 G -D(so). Then there exists 
a unique t^iPit,-) G C°{[0,oo); D{So))nC\[0,oo); D{so))nC^ {[0,oo); L^{n)) 
satisfying the initial value problem Q. 

Proof. Let Ua be the semigroup generated by Aa and set 

{Mt,x),Mt,x)} :=C/a(i){0i(x),02(x)}. 
Then 

-{^i(t, •), Mt, ■)} = Aa{Mt, ■),Mt, ■)} = {V'2(i, ■),-SoMt: ■)-aa^2(i, •)} 
and "01 is the desired solution. D 
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